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Abstract. We use the Whittaker vectors and the Drinfeld Casimir element to show that eigen- 
functions of the difference Toda Hamiltonian can be expressed via fermionic formulas. Motivated 
by the combinatorics of the fermionic formulas we use the representation theory of the quantum 
groups to prove a number of identities for the coefficients of the eigenfunctions. 



1. Introduction 

The goal of this paper is to derive fermionic formulas for eigenfunctions of the finite difference 
Toda Hamiltonian HToda and to study these fermionic formulas. Eigenfunctions of Hxoda have 
been studied recently in connection with quantum cohomology of flag manifolds (see |GiL| . [BrFij ). 
Whittaker vectors (see |Brj . |Sev| . |Et| ) . Macdonald polynomials and affine Demazure characters 
(see |GLO| ). In particular, an important connection with the representation theory of quantum 
groups was established. In our paper we show how fermionic formulas naturally appear in the 
representation-theoretical terms. On the other hand, these formulas can be studied from purely 
combinatorial point of view. In the paper we combine these two approaches. We give some details 
below. 

1.1. Central elements and Whittaker vectors. As we have already mentioned, the represen- 
tation theory of quantum groups plays a very important role in the study of finite difference Toda 
Hamiltonian. In particular, one can construct eigenfunctions of HToda using Whittaker vectors in 
Verma modules (see [Br] , |Sev| . [Et]). In this paper we use pairing of Whittaker vectors with the 
dual ones. 

Let g be a complex simple Lie algebra of rank I and let U v (g) and U v -i(q) be two quantum 
groups with parameters v and Let P, Q (resp. P+,Q+) be the weight and root lattices of g 

(resp. their positive parts) and let V x = ^2p e g (V x )p an< ^ ^ = S/3eQ+0^ )/3 be Verma modules 
of U v (q) and U v -i(q), respectively. In order to define a Whittaker vector 9 X in the completion 
n/3gQ + C^ A )/3 °f the Verma module V x one fixes elements i/j € P and scalars Cj (1 < % < I). Then 
the Whittaker vector, associated with these data, is defined by the condition 

(1.1) EtK, 



1-v 2 

(for simplicity, in Introduction, we assume that g is simply-laced). Here E{ G U v (q) are the 
Chevalley generators (which act as annihilating operators) and K Vi are certain elements from the 
Cartan subalgebra, associated with Vi. Similarly, one defines the dual Whittaker vector 9 X in the 

l 
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completion of V A by the formula 



(1.2) EiK Vi e } 



C7 1 



1-v- 2 

The central object of our paper is the following function 

where 6^ £ is the weight A — (3 component of the Whittaker vector and ( , ) is the natural 

non-degenerate pairing between V x and V X . It can be shown that is independent of possible 
choices of v; and c,-. 



Consider the generating function 



F(q,z 1 ,...,z h y 1 ,...,yi) = ^ J| 



V, 



f3 i=l 

where Zi = q~( x < ai \ q = v 2 and U{ (resp. aj) are fundamental weights (resp. simple roots). Then 
F is known to be an eigenfunction of the quantum difference Toda operator ( jSevj , [Et j ) . In order 
to prove this statement one uses central elements of the quantum group. Roughly, the procedure 
works as follows. If u is a central element, then the scalar product 

(1.3) 

can be written in two ways. On the one hand, one can compute the action of u on V A (the 
corresponding scalar). On the other hand, if a precise formula for u is known then one can compute 
(jl.3p using the relation 

(FiW,w) = (w,Eiw) 

and formulas (fTTI) . (01) . 

The Toda Hamiltonian appears when one uses the central element written as the trace of products 
of R matrices in finite-dimensional U v (g) modules. Our key observation is that if the Drinfeld 
Casimir element is used instead then one obtains a recursion relation for F which leads to the 
fermionic formulas. In the next subsection we describe those formulas in more details. 



1.2. Fermionic formulas. Fermionic formulas appear in different problems of representation the- 
ory and mathematical physics (see for example |BM| . |F JMMT] . [HKOTT] . jSS]). Let us describe 
the class of formulas we treat in our paper. 

Let [r, s] = {t G Z | r < t < s} be a subset of Z, where r, s are integers or ±oo. Let V be a vector 
space with a basis labeled by pairs 1 < i < I, t € [r, s]. Let T + = {Yl(it) m i,t e i,t\ m i,t e ^>o} 
be the positive part of the lattice generated by {e^t }. We fix a quadratic form (•, •) on V and a 
vector (j, £ V. Further, define maps w and d from V to the /-dimensional vector space with a basis 
pi , . . . , pi via the formulas 

l l 
w(} j m i) tei >t ) = } y Pi y~] rrii,t, d^^mj^t) = ^2pi tm i>t . 

(i,t) i=l te[r,s] (i,t) t=l te[r,s] 



FERMIONIC FORMULAS AND DIFFERENCE TODA HAMILTONIAN 



3 



Define functions I m depending on q, z = (z±, . . . , zi) and m = (mi, . . . ,mi) as follows 
(1-4) Im(q,z)= 53 z{l) ~^) ' 

w(-f)=m ^ 

where the summands are labeled by 7 = ^2^ t ) m i,tei,t € T+ and (</) 7 = Yl(i t)(l)"n,t^ = 
E[!=i z i % ■ We call the right hand side of (jl,4p a fermionic formula. The generating function 
F(q, z, y) = F{q, *i, ■ ■ ■ , %h 2/1, ■ ■ ■ , Vi) is given by the formula 

(1-5) F(q, z,y)=Y^ y m Uq, z), y m = y? 1 • • • vT 



Let the matrix of the quadratic form (•, •) be a tensor product D = C ® G(r, s), where C is the 
Cartan matrix of g (we assume here that C is symmetric) and G = {Gt,t')ije[r,s\-, Gt y t' = min(t, t'). 
Such matrices appear in [DS|, [S] in the fermionic formulas for the Kostka polynomials. Let [r, s] = 
[0,oo). Then functions I m (q,z) satisfy the following recursion relation: 

z a.qW(a) 

(1-6) I m (q,z)= 2^ ~T\ T a(q,z), 

0<a< m WV-a 

where W(a) = ^(Ca-a— diagC-a), • denotes the standard scalar product and < a < m abbreviates 
the set of inequalities < ai < m; L . The relation (jl.6p shows that I m (q, z) are determined by Io(q, z). 

Recall the functions Jg. Using the Drinfeld Casimir element and the procedure described in the 
end of subsection I l.H we show that satisfy the relation 

This leads to the following identification 

J^ = I m (q,z), f3 = ^2m iai , z = q~^\ 

i 

In particular, this gives a fermionic formula for eigenfunctions of Hxoda- 

Fermionic sums can be considered as a sort of statistical sum for some "models" . The models 
depend on parameters r and s and enjoy many "physical" combinatorial properties. For example, 
we look into what happens with the fermionic sums when the parameters, e.g., r and s, go to infinity. 
We sort the terms by the dependence on the parameters which go to infinity and call the result the 
quasi-classical decomposition. Then we expect that the quasi-classical decompositions are exact, 
which means that the coefficients in a decomposition are summed up to rational functions and the 
result gives correct formulas for finite values of parameters. That expectation predicts recursion 
relations for the fermionic sums I m . 

We then prove the recursion relations using the Whittaker vectors and the representation theory 
of the quantum group U v (g), (see Theorems 14.111 H.121 14.13]) . In some cases the relations become 
finite. From the point of view of fermionic sums it means the vanishing property: some fermionic 
expressions must be zero. The quantum group approach explains the vanishing property as well. 
Namely, some terms in the recursions are zero because the corresponding weight space is zero in 
the irreducible representation of the quantum group. 
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It is well known (see [EtJ) that the eigenfunctions of the difference Toda Hamiltonian can be 
obtained as a certain limit of the Macdonald polynomials. In the case of si n , one of the recursions 
we prove (see (|4,20p ) is the corresponding limit of the Pierri rule for the Macdonald polynomials. 
It is interesting to study the other identities in relation with the Macdonald polynomials. We hope 
to address this problem in future publications. 

1.3. Affine Lie algebras: motivations and further directions. In this subsection we discuss 
various connections between eigenfunctions of Hj- da an d representation theory of affine Kac- Moody 
algebras. The fermionic formulas provide a very useful tool for computation of various "affine" 
characters. Though we do not treat this subject in the main body of the paper, it was our original 
motivation for studying the "fermionic part" of the quantum difference Toda story. We are not 
providing any proofs here. We hope to return to this subject in more details elsewhere. 

1.3.1. Refined characters. Let a be a Lie algebra and W its representation. The character of W is 
an expression 

X (z 1 ,...,z n ) = tT W (z? 1 •••<"), 

where are some commuting elements of o. Usually, a is semi-simple and {a\, ■ ■ ■ , a n ) is a basis of 
its Cartan subalgebra. There is a simple way to "refine" the character. To do it, suppose that W is 
a cyclic representation with a cyclic vector v, and choose a subspace S C U(a) such that 1 G S. We 
define subspaces Fj W, j = 0,1,...: Fq = C • v and Fj + i = S ■ Fj. Assuming that Fj converge 
to W we obtain a filtration in W. Suppose also that the space S is invariant with respect to the 
adjoint action of a, for all i: 

[di,S] C S. 

In this case, if Fq is {aj} invariant, i.e., aiF$ C Fq, then all spaces Fj in the filtration are {aj}- 
invariant. Consider now the associated graded space 

W = F o ©(0F i /F i _ 1 ). 
i>o 

On W we have an action of {a^} and also the action of an additional operator b, which acts as the 
constant j on FjjFj-\. Now, we define the refined character 

X(zi, ...,z n ;y)= tr w (zf • • • <™y 6 ) , 
X{zi,...,z n ;l) =x(zi,...,z n ). 

We consider the case o = f) © n. Here n = n <g> C[t,i _1 ], n is a maximal nilpotent subalgebra 
of a finite-dimensional semi-simple Lie algebra g, ~ f) ® 1 © Cd is the Cartan subalgebra of 
<8> C[i,£ _1 ] © Cd and d = xd/dx is the grading operator. Let e\, be the generators of n 

and ei[j\ = ei®t 3 be the corresponding generators of n. We define currents ei(x) = J2j<o e i[j\ x ~ 3 ■ 
Fix a basis {d, h\, . . . , hi} in I). As a representation W we take the induced module generated by 
the vacuum vector v satisfying ej[j]v = for j > 0. We have the character 

X (q,z 1 ,...,z l )=tv w (q- d z^---z^). 
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1.3.2. The A\ case. We consider q = 5(2- In this case n is one-dimensional and is spanned by an 
element e. We fix W to be an induced a module with a cyclic vector v satisfying f) ■ v = and 
e[j]v = 0, j > 0. Let S be the subspace spanned by coefficients of the expansion of e(x) s , s > as 
series in x. Then we obtain 



where (z) m = Yl%=i0- ~ Q 71-1 ?). We prove in Appendix A (see (|A.5|) ) that xil^'iV) differs from 
the generating function of (or, equivalently, of I m ) by a simple factor. We now give fermionic 
expression for the quantity x(q, z; y). 

Introduce an algebra generated by Fourier coefficients Cj[s] of the currents Cj(x) = X^ s <o c ji s ] x ~ S i 
j = 0,1,2,.... The defining relations are [c^Jsi], Cj 2 [s2]] = for all ji, j'2, si, S2, and Cj(x) 2 = 0. 
Note that Cj(x) can be constructed as vertex operators with momentum pj such that (pj,Pj) = 2 
and (pi,Pj) = for i ^ j. Let 



where e is a formal variable. Let A be an algebra over C[[e]], the ring of formal power series 
in e, which is generated by e(e,x). In A there exists a subspace S spanned by the elements 
{e(e,x) n ;n > 0}, and a filtration 1j such that 1o = C ■ 1 and 3~j = S^-i + S ■ The 
associated graded space A naturally has a structure of commutative algebra. It is generated by 
the space 9"i/9"o- Actually, A is a quadratic algebra. It is a free module over C[[e]]. Let us 
consider the specialization Aq at e = 0. The algebra Ao is generated by the currents d\(x) = co(x), 
d2{x) = cq(x)ci(x), ds(x) = cq(x)ci(x)c2(x), etc.. The defining relations in .Ao are quadratic and 
takes the form involving derivatives of the currents: 



The representation W for the algebra A = {e(e,x)} is also defined on the free module over the 
ring C[[e]], and after substituting e = we get a representation over Aq. It is quadratic with simple 
relations, and this construction gives us a fermionic formula for the refined character x : 



1.3.3. General q and multi-filtration. In order to treat the general case we need to replace the 
filtration Fi by a "multi-filtration". Let Si, i = l,...,l, be the subspaces of f/(n) spanned by 
coefficients of the expansion of ei{x) s , s > 0, as series in x, and let Ri = ®k<iSk, where Rq = So = 
C • 1. Note that Ri C R 2 C • • • C R h Then, we define 



x(q,z) 



1 





(1.7) 



di(x) • dj{x) il) =0, < / < 2min(t, j). 




Fj x — R\ ■ i^i-i, Fq 
Fji,j2 = -^2 ' Fj lt j 2 -i, 



C-v 
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We define 

W = ® h ,..., jl W ju ..., jv 

= Fji,...ji-i,...ji 

i 

and denote by b{ the operator which gives the constant ji on Wj lt ...,j v 

In this way, we get the subspaces Fj l ^^j l and the associated graded spaces Wj^...^-,; the latter 
have the actions of the grading operators b\, . . . , 6;. Since the operators d, hi, . . . , hi act on W in 
an evident way, we can write 

X(q,zi,...,zi;yi,...,yi) = tr w (V^ 1 •••sf'yj 1 ■■■y h A ■ 

We conjecture that this refined character gives an eigenfunction of the conjugated quantum Toda 
Hamiltonian (see [BrFi| . |GiL] . Appendix A). We now explain how to obtain a fermionic formula 
in the general case. 

1.3.4. General fermionic formula. Let Li be the vacuum representation of of level 1 with highest 
weight vector v, and let V be the principal subspace in L\, i.e., V = U(xi) ■ v. The space V, as a 
representation of U (n) can be described by using the space W as 

V = W/^eiixfW. 

i 

Consider the tensor product of infinitely many copies of V labeled by j = 0, 1, 2 . . ., and denote by 

b c 

(?) 



(i) 

a\ the operator ej acting on the j-th copy: 



1 ® ■ ■ ■ ® (% <8> • • • ■ 
j-th 

Now, set 

ei(e,x) = ^2e a a ( i a \x). 

After substituting e = we get an algebra generated by cf\x) = a\ (x)a\ (x) ■ ■ ■ of (x). The 
currents (x) generate an algebra with the quadratic relations 

(1.8) cf\x)c { y\x)^ = if I < mm(a, 0) ■ C itj 

where (Cij) is the Cartan matrix of g. As a result we have a fermionic formula for the refined 
character of W: 

„B 1 i (*) 1 \-> (*) 

(1.9) X (q,zi,...,zi;yi,..., yi ) = 2^ — =r~, : [[h - [[Vi - 

s (t) x llt>oiii=iw;qi) n {t) i= i i= i 



t>0 \i,j=l 



i=l J t<t' i,j=l 
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where 6jj = (a^ay), di = 6^/2 and % = <p*. We note that if q is simply laced the formula (|l,9p 
corresponds to (jl.4p and (jl.5D , 

1.4. Plan of the paper. Now let us outline the content of our paper. 

In Section 2 we introduce the fermionic sums. We study quasi-classical limits of such formulas and 
various recursion relations. 

In Section 3 we prove the fermionic formulas for the scalar products of the Whittaker vectors with 
dual ones. We also discuss the general procedure (based on the center of the quantum group), 
which produces equations satisfied by J^. 

In Section 4 we study the quasi-classical decompositions using the representation theory of U v (q). 
We prove the recursion relations and vanishing properties from Section 2. 

In Ai case there is an alternative simple way to prove that the fermionic formula satisfies the Toda 
equation. We give this proof in Appendix A. 

In Appendix B, we prove a proposition on the singular vectors in the tensor product of two Verma 
modules. We need this lemma to prove the vanishing property. 

2. Fermionic sums 

2.1. Fermionic sums on a finite interval. Let I G Z>i be a positive integer, and let [r, s] = 

{t E Z | r < t < s} be a finite interval in Z. Here r, s are integers, but in later subsections we also 
consider the case r = — oo and/or s = oo. 

Let C = (Cj,i')i<i,i'<z be a symmetric matrix, and let fj, = (^i,t)i<i<i^[r,s\ be a vector. Let 
m = (mi, . . . , mi) be a set of non-negative integers. We will define a fermionic sum Ic,fj,,m(<l, z\r, s) 
on the interval [r, s] corresponding to the data C, \x and m. Each fermionic sum is a rational 
function in q and z = (z\, . . . , z{). It is defined as a sum of rational functions parameterized by a 
configuration of particles m, which we will explain below. 

We call a tuple of non-negative integers 

m = {mij : l<i<l,r<t<s} 

a configuration of particles. An integer i € [1, 1] is called color and t G [r, s] is called weight of the 
particle. The non-negative integer mn represents the number of particles with color i and weight 
t. For a configuration of particles m, we associate a vector m = (r?ij)i<i<; by 

(2.1) m { , = mix. 

te[r,s] 

The number mi is the number of particles with color i. 
We set (w) n = niLiU — q l ~ 1 w) and define 

(<?)m = ]J fa)"»M 
(M)G[l,Z]x[r,s] 

for any tuple m = (m^t). We also use the standard scalar product (m, n) = n x \ T s i mi^riij- 

Definition 2.1. Let m = (mi) G Z l >0 and [i = (/ij,t) G Z"- S ~ r+1 ) be two vectors. A fermionic sum 

Ic,n,m(q, z\r, s) is a function in q and z = (z\,...,zi) defined by 

(?<?) T„ (n At ,\ -V FT* •Xt=r«"H.t g qc(»)+(M,m) 

lC,n,m\q, Z\r, S) - 2^m=m 1 li=l Z i > 
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where 

(2.3) Q c (m) = i{((C®G)m,m) - (diag(C ® G), m)} , 

the matrix G is defined by 

G = (G t ,t')t,t'e[r,s]i G t , t i = nxm.{t,t), 
and for a matrix X = {Xi «•), diag(X) signifies the vector consisting of diagonal entries Xa. 

The quantity Ic,u,m(Qi z \ r i s ) is a Laurent polynomial in z = {z%, . . . , zi) with coefficients which 
are Laurent polynomials in q ».«' , g w >* and rational functions in q. 
We define the following formal power series in y = {y±, . . . , yi). 

( 2 - 4 ) F G,n{<l,z,y\ r i s ) = Emez i >0 2/ m/ C',A t ,m(g,2|r,s). 

Here we use the notation y m = Y[\=i vT' f° r ^-component vectors y and m. We use the convention 
Fc,n(q, z, y\r, s) = 1 if r = s + 1. We denote the functions Fo^{q,z,y\r,s), Ic,fi,m(l, z\r, s) in the 
case of \x = by Fc(q, z, y\r, s), Ic,m(q, z\r, s), dropping the parameter \x. 

In what follows we also need another parametrization of configurations of particles. Namely, 
with each m = {ma), 1 < i < I, t E [r, s], we associate the vector 

P = (Pi,j), 1 < i < 1, 1 < 3 < m 

defined by two conditions: 

• Pi,l < Pi,2 < < Pi,rm, l<i<h 

• rrii,t = #{j ■ Pi,j = t}. 

It is easy to see that the correspondence m <-> p is one-to-one. In the following lemma we rewrite 
powers of z and q in (|2.2p in terms of p. To avoid confusion we denote the function Qc{m) written 
in p coordinates by Q c (p). 

Lemma 2.2. We have 

(2.5) z p= r tm,t = z ££iPU } 

(2.6) Q c {m) = Q c {p) = - I ^2 c i,i' milx (Pi,j>Pi',j') -^Gijpij J . 

\(idWJ') (<J) / 

If we shift the parameters /i^ to + i^j + Kj, the sum Ic,n,m{q, z\r, s) responds by a simple 
prefactor and g-shifts of zc 

(2.7) Ic,n+ti>+K,m{Q, z\r, s) = q K ' m Ic,ti,m{q, q u z\r, s). 

Here, v = (fi)iefi n and (/i + tz^ + «)j )t = /j,a + i^i + «i- We use the abbreviated notation k ■ m = 

Y!i=\ K i m i and Q u z = (q u 'Zi)ie[ifi- 

If \i = and we shift the interval, we get a simple factor: 

I C ,m{q, z\r + k,s + k) = {z m q Wc ^) k I c , m {q,z\r, s), 

where 

Wc, m = -^{Cm ■ m — diag C ■ m). 
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2.2. Fermionic sums on a semi-infinite interval. We replace the interval [r, s] in the construc- 
tion in Section 12.11 by an infinite interval. Let us consider the case [r,s] = [0, oo). We use the 
abbreviation 

(2.8) lc,n, m (q, z ) = lc,v,m(q, z\o, oo), lc,m(q, z) = lc,o, m (q, z\o, oo). 

In this case, the sum in the right hand side of (|2.2p becomes an infinite sum. We are interested 
in the case where the parameters fi = ((M,t)(i,t)e[i,I\x[o,oo) are specialized so that the infinite sum is 
well-defined as a rational function in q, z%, q i > i ' , q^'*. 

Lemma 2.3. Suppose that there exists t$>Q and v^Ki (1 <i<l) such that 

(2.9) M >t = tvi + m if t > t . 

Then, the sum (|2.2p is a polynomial in q^ E [1,1] x [0, to — 1]) and q Ki (1 < i < I) with 

coefficients which are rational functions in q,Zi,q Ci ' i ' ,q Ui (1 <i,i'< I). 

The proof is easy, and we omit it. 

There are simple relations between the fermionic sums over semi-infinite intervals with fj, = 0. 
Namely, we can reduce all cases to [0, oo). We have 

(2.10) l c , m (q, z\k, oo) = (z m q Wc -™) k I c , m (q, z), 

(2.11) Ic,m(q,z\ -oo,k) = (z m q w ^) k I C)m (q,z- 1 q~ Cm+d ^ c ). 

Here we used the abbreviation z~ 1 q m = (z^ l q mi , . . . , zf 1 q mi ). 

The following proposition determines the fermionic sums recursively. 

Proposition 2.4. The rational functions Ic, m (q,z) satisfy the recursion 

z a a W c , a 

(2-12) Ic,m{q,z)= Y, T\ Ic*(q,z). 

0<a<m 

The solution of this recursion is unique if we fix Ico{q, z) = 1. 

Proof. We subdivide the fermionic sum in the left hand side into parts labeled by a = (a\, . . . ,a{) G 
Z> , with cij being the number of color i particles whose weights are larger than or equal to 1. 
Then this corresponds to the sum in the right hand side because of (|2.10p . The uniqueness is clear 
because the equation can be written as 

. „ a W C \a 



(l-^q w ^)I Cim (q,z)= Y T^-—IcAq,z). 

0<a<m WV-a 



□ 



We call (I2.12p the fermionic recursion. 

In what follows we study functions Ic,n,m(q, z ) for some special values of \x of the type (|2.9p . We 
describe /i in terms of corners and angles. 

We say \x has a corner at t € [1, oo) if the vector fi[t] given by fii[t] = m,t+i + Mi,t-i — 2/ij^ is not 
zero. We call fi[t] the angle of \i at t. We define ^[0] = fj,^ — ^,0, and call /x[0] the angle of n at 
0. We say /j, has a corner at if /i[0] ^ 0. Let us discuss simple cases. 

First, consider the case where fin = tv{ + Ki for all t > 0. It reduces to the basic case Ic,m(q: z) 
by (EZD. 
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Second, we define the case with one corner. Namely, we consider 

'o ifi<fc: 



(2.13) mjt 



(t - k)ui if t > ft. 



We denote the fermionic sum corresponding to this \i by Jc'^(q, z). 

Lemma 2.5. There exist mutual relations between Ic,m{q, z), Jq^ (q, z), Ic,m{q, z\0, ft). We have 

(2.14) J§£\q,z)=Ic, m (q,<fz), 

(2.15) 4^\q,z)= V {z a q W ^) k I c , m -a(q,q Ca z\0,k-l)IcAq,Q^), 



0<a<m 



(2-16) = Yl I*'" {z a q Wc - a ) I c , m -a(q,q Ca z\0,k)I c , a (q,q»z). 

0<a<m 

Proof. The relation (|2.14ft is trivial. In order to prove the other two relations we cut the interval 
of weights [0, oo) into two parts. For (12.151) these parts are [0, ft — 1] and [k, oo) and for (12. 16ft they 
are [0, ft] and [k + l,oo). The rest is straightforward. □ 

If we set ft = in (j2T5|) we obtain flgjgp . 

Let us denote the limit q v — > symbolically by v —* oo (see Lemma |2.3|) . From ()2. 16[) follows 
that 

lim 4t'(?' z ) = Ic,m{q,z\Q,k). 

2.3. Quasi-classical decomposition of fermionic sums. In this subsection, we discuss the 
decomposition of fermionic sums with respect to the dependence on some large parameters. We 
call it the quasi-classical decomposition. We first explain the idea in simple examples, and then 
discuss more general cases. 

Example 1. Consider the simplest case I = 1, [r, s] = [0, ft], \i = 0, m = 1. Then one gets 

r / inn l + Z + --- + Z k 1 Z k+l 
I C ,l(q,z\0,k) = = — r - — r. 

1-q (l-q)(l-z) (l-q)(l-z) 

The result consists of two terms. It is a linear combination of 1 and z k with rational function 
coefficients independent of ft. This decomposition can be explained by examining the large ft 
behaviour. There is one particle in the interval [0, ft]. The weight p of the particle is restricted to 
this interval, < p < ft. If ft is large, the sum over p for < p « ft and that for < ft — p « ft 
does not overlap. Considering the sum over p for < p and that for p < ft we obtain Ic t i(q, z\Q, oo) 
and Ic,i(q, z\ — oo, ft). In fact, the above decomposition is the same as 

Ic,l(q, z\0, ft) = l c ,i(q,z\0,oo) +I c ,i(q,z\ - oo,ft). 

The sums in the right hand side contains more terms than the sum over < p < ft. However, since 
S z z p = as rational function, we have the equality. 

Example 2. Let / = 1, [r, s] = [0, ft], /i = as before but m = 2. Since I = 1 the matrix C is simply 
a scalar. We denote it by c. One can check the following equality. 

Jc,2(<?,z|0,ft) = I c ,2(q,z\0,oo) +Ic ) i(q,qz\Q,oo)Ic,i(q,z\ - oo, ft) + I c ^{q,z\ - oo, ft). 
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Each of the terms in the right hand side has the distinction that the dependence on k enters only 
through 1, z k , (z 2 q c ) k , respectively. These sums are over pi,P2 in the regions 

{0<Pi< P2 }, {0<pi,0< k-p 2 }, {0<k-p 2 <k- Pl }. 

They are obtained by extending the following regions in the original sum: 

{0 < pi < P2 « k}, {0 < pi « k, < k - p 2 « k}, {0 < k - p 2 < k - pi « k}. 

In general, we call such a decomposition quasi-classical. We conjecture that the quasi-classical 
decompositions are exact for the fermionic sums. In later sections, we prove the conjecture in some 
cases. 

Here is the quasi-classical decomposition for the general case when the interval is finite. 
Conjecture 2.6. We have 

(2.17) I C , m (q,z\r,s) = (z m q W ^) r £ {z a q W ^) a ' r I C ,m-a(q, q Ca z)I C A^ ^V^^)- 

0<a<m 

Let us explain how one can obtain the right hand side. Recall (|2.6p and (|2.5p . Consider the 
fermionic sum on the interval [r, s] where r — > — oo and s — > oo. Let < aj < rrii for 1 < i < I, and 
consider the sum over p in the region r < pi t \ < ■ ■ ■ < Pi, mi - ai « s and r « Pi^n-^+i < • • • < 
Pi,mi < s. We denote the vector of pij from the first region by p m ~ a and from the second region 
by p a . Two groups of variables are separated: if is in the first group and Pi'j> is in the second 
group, then we have 

mm(pij,pi<j<) = pi j. 

Therefore, we have 

l rrii—ai 

QdP) = Qc(Pm-a) + QciVa) + ^ C^dy ^ PiJ. 

i'=l o=l 

Extending the regions for summation by removing the bounds of the form • ■ • « s or r « • • • , we 
obtain 

(2.18) I c , m (q,z\r,s) = ^ Ic,m-a (q, q Ca z\r, oo) I c , a (q, z\ - oo, s). 

0<a<m 

We rewrite this to ([237]) by using ([2TTU]) and ([2TTT]) . 

In the special cases r = s and r = s + 1 Conjecture 12.61 reads as follows. 

(2.19) Y, J C,m-a(q, q Ca z)I C ,a(^ z^q- ^^ ) = -L 

^ \Q)m 
0<a<m 

(2.20) ]T (zy w ^yh c , m -a{q,q Ca z)IcA<liZ~U~ Ca+A ^ C ) = V- 

0<a<m 

The same quasi-classical decomposition procedure can be applied to J^'^ (q, z), where k — > oo. 
For this purpose we need fermionic sums on Z = (— oo, oo). We define 

(2-21) X C,m(^ Z ) =I C^m{q,z\ -00,00), 

where ji, which depends on (k,u), is given by (|2.13p . 
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Lemma 2.7. Xg%(q, z) is a rational function in q,z. It satisfies the relations: 

and 

(2.22) X§£(q,*) = X§Z\q,z- 1 q- v - aa *^ C ). 

Proof. The proof is straightforward. We only note that in order to prove (12.22j) one needs to write 

the fermionic sum in p variables and change the summation variable pij to — j>j jmi +i_j for all 

i,j. □ 



The following proposition is an analogue of Lemma 12.5 
Proposition 2.8. 



(2.23) X$£(q,z) = (z a q Wc '° +Ca < m -^) I c , a (q^- 1 q- Cm+dia z C )I C , m -a(q,q u z), 

0<a<m 

(2.24) = £ « g Wc -" +v -°io I m-«(?,«- 1 ^ c ^ dlag0 )/o,«(g,3 ,/ «). 

0<a<ra 

Proof. We use two cuttings of the infinite interval of weights ( — oo, oo) into semi-infinite intervals: 
(-oo, oo) = (-oo, -1] U [0, oo) or (-oo, oo) = (-oo, 0] U [1, oo). This leads to ([XgHj) and (12311 . □ 

Applying the procedure of the quasi-classical decomposition, we obtain 

Conjecture 2.9. 

jgmWH E Ic,m-a(q, q Ca z)X^\ q ,z). 
0<a<m 

In the right hand side the summation variable a\ where a = (a%, ... ,ai), represents the number 
of color i particles whose weights are "close to k" . The weights of the remaining particles are 
"small" compared to k. We conjecture that this is exact for finite k. In particular, setting k = 
and k = — 1 and using (I2.14p . we obtain 



(2.25) I C ,m(Q,Q V z) = Y, Ic,m-a{q,q Ca z)Xp;\q,z), 

0<a<m 

(2.26) q^ICmiqiQ"*) = E Ic, m -a(q,q Ca z)(z a q W ^y 1 X^\ q ,z). 

0<a<m 

In Section [4] we prove these equalities in the case where C is a simply-laced Cartan matrix. We 
also give a generalization of these equalities in the case where C is the symmetrization of a non 
simply-laced Cartan matrix. 

Finally, we give the quasi-classical decomposition for the fermionic sum on (—00,00) with two 
corners at and k, with angle v\ and 1^2, respectively. 

We denote this quantity by X^'^' k ' U2 \q, z). We conjecture that 

0<a<m 
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Restricting to k = we have 



(2.27) 



0<a<m 



2.4. The case of 5(2. In this subsection, we restrict to the 5^ case, i.e., I = 1 and C = 2, and 
write some of the fermionic sums and their relations explicitly. Moreover, we discuss vanishing 
theorems which arise in connection with integrality of angle variables. In the following we drop C 
in the notation because it is fixed to C = 2. We also use the q binomial coefficients defined by 



(g 7 ~ n+1 )n 



Here n is a non-negative integer, but 7 is arbitrary, possibly a formal variable. 
First, we recall a known result and its proof (see [FFJMM] ). 



Proposition 2.10. We have 
(2.28) 



l m (q,z) 



1 



(q)m(z)r 



Proof. The recursion (|2.12j) in this case reads as 



I m (q,z)= 73 



Ia(q,z). 



0<a<m 



The fermionic sum is uniquely determined by this recursion with the initial condition Io(q,z) = 1. 
Therefore, it is enough to prove this recursion for (|2.28j) . After substitution, we want to prove 



1 



0<a<m 



rra 
L a 



y a n a(a— 1) 

j q 



U^ng [ m a ]=d a [ m * l ] + [ZZl\, we obtain 



m— 1 



n / z Q 



a=0 



(Z)c 



+ 



y a+l „a(a+l) 
6 q 



(Z)a 



+1 



m— 1 



— Y 



a=0 



j™- 1 ] (qzYq< a -V 

(qz) a 



(LHS). 



□ 



The following proposition holds for an arbitrary value of v. 
Proposition 2.11. 



LmJ 



{z- l q 2{l - m) ) m {q P z) m 
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Proof. We use the decomposition (|2.24|) . Substituting the expressions for Ic >a (li z \ ~ oo,k) and 
lG,m-a(Q,Q 1/ ' z) given by (12. lip and (|2.28|) . we obtain 

X M (qz) = J_ T [a] (g^V^j 

The rest of the proof goes similarly as in Proposition I2.1U1 □ 

If n is a non-negative integer, the range for m where Xm {q, z ) is non-zero is restricted. 
Corollary 2.12. Ifn€ 1*>o and m> n, then we have Xm' n \<l,z) = 0. 

We identify n with the highest weight of the irreducible representation V n of s^. The above 
statement says the fermionic sum is non-zero only if n — 2m is a weight of V n . In Proposition 
14.81 we establish vanishing theorems of the form Xq'^ = for the case where C is a simply-laced 
Cartan matrix, the parameter v corresponds to a dominant integral weight, and v — ^ i miOti is not 
a weight of V u . Our tool is the representation theory of U v (g) with v 2 = q, where g is a simple Lie 
algebra associated with C. We expect vanishing theorems of this kind are valid in a much wider 
class of C, though it is beyond the scope of this paper. 

Two recursions (|2.25p and (|2.26p reads as follows. 

Proposition 2.13. For an arbitrary value of v, we have 

(2-29) UQ,<f')= E T^M) (a , z) Wg.g 2 '*), 

0<a<m \ Z q > a ^ q Z)a 

(2.30) q™I m (q,q»z) = Y, , Im-a{q,q 2a z). 

The quasi-classical decomposition generates many more identities than we discussed above. Here 
we give an example. Let < k\ < ■ ■ ■ < k n be non-negative integers. Set 



ft 



— ki) + where (t). 



i=l 



t if t > 0; 
otherwise. 



Namely, the linear coefficient has corners at ki with angle X*r=i^fc»,kr" Suppose that the quasi- 
classical decomposition is exact. Then for n > m we have 



(2.3i) W?,2)= £ Uq,q 2{m ~ a) z)x», m -a(q,z), 

0<a<m 

(2-32) x^ m ( q ,z)= x el;::±' 



ei,--->£n=0,l 
ElH h£n— m 



(2-33) *fa£= n - 



Here = (1 - z~ l ){l - qz), e(i) = 2 £™ =m e r + i - 1. Note that x{ ^ = l/g(z) 
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For example, setting n = 3, k\ = k<i = k% = 0, m = 2, we obtain 

[ * ] - 1 I 1 + ^ + 1 



(q 3 z) 2 (q 2 z !) 2 #(/<? 2 ) VfK 2 '?) 5(^ 3 ) 



3. FERMIONIC AND TODA RECURSIONS 

In this section, we develop the representation theoretic approach to fermionic formulas. In 
certain cases we show that they coincide with scalar products of Whittaker vectors, which are 
eigenfunctions of the quantum Toda Hamiltonian. 

Quantum deformation of Whittaker vectors has been introduced and studied by Sevostyanov 
[Sev]. An independent construction was given by Etingof |Etj from a slightly different point of 
view. A geometric interpretation of the eigenvectors of the quantum Toda Hamiltonian as Shapo- 
valov scalar product of Whittaker vectors has been given by Braverman and Finkelberg [BrFi], 
reproducing the main results of Givental and Lee [GiL] . In this section we give a review of this 
subject, following closely the algebraic framework of |Sev| with minor modifications. We shall show 
that fermionic formulas naturally arise from Drinfeld's Casimir element. 



3.1. Quantum groups. We fix the notation as follows. Let q be a complex simple Lie algebra, 
f) the Cartan subalgebra, «i, •• ■ , oti the simple roots and u>\, ■ ■ ■ ,ui the fundamental weights. Set 
P = ®\ = {Lui, Q = ® l i=1 Zcti, P + = ®[ =1 Z> uJi, Q+ = ® l i=1 Z>oai. Let further A + denote the 
set of positive roots. We fix a non-degenerate invariant bilinear form ( , ) : f) X t) — ► C such that 
(P, Q) C Z, and identify f)* with f) via ( , ). We set 

di = -(ai,ai), a^ = d i 1 a i , p = ^w r . 
1 r=l 

We choose ( , ) so that d\, ■ ■ ■ ,di are relatively prime positive integers. 

Let N be a positive integer satisfying (P,P) C (l/3Sf)Z. The quantum group U v (g) is a unital 
associative algebra over K = C(w 1 /" Kr ), with generators E%,Fi (1 < i < I), (/i € P) and the 
standard defining relations 

K^K^i = K^ +fM >, K = 1, 

K^EiK~ l = v^Ei, K^K- 1 = v~^F u 

v i -v i 

j2(-l) s Et S) EM S) =Q (r=l-( a y, aj ), 
s=0 

£(-1)^-^-^=0 (r = l- Mj). 
s=0 



16 B. FEIGIN, E. FEIGIN, M. JIMBO, T. MIWA AND E. MUKHIN 

Here K = K ai , v t = v d \ x\ s) = Xf/[s] Vi \ (X = E,F) and [ a ]„! = E[p=iK " v~p)/(v - v' 1 ). We 
choose the coproduct 

AEi = Ei (g> 1 + Ki <g> E u 
AF t = Fi^Kr 1 + l®F h 

antipode 

S(E l ) = -K^Ei, S(Fi) = -FiKi, S(K^) = K~ l 

and counit 

e(E l ) = e(Fi) = 0, e(K^) = 1. 

We shall also consider the quantum group U v -i(g) with parameter v -1 . Denote the generators 
by Ei, Fi, Kfi- We choose the opposite coproduct, 

AEi = Ei <g> Ki + 1 <g> E u 
AFi = (g) 1 + K~ l ® Fi, 
Ai? M = K„® K„, 

antipode 

S(Ei) = -E t K-\ S(Fi) = -K t Fi, SiK^) = K~\ 

and counit 

e(Ei) = e(Fi) = 0, e(K^) = 1. 
There is a EC-linear anti-isomorphism of algebras given by 

(3.1) a : U v {q) -> h-> F,, ^ ^ ^ jf" 1 . 
We have 

(3.2) Aoa = a®aoA. 

3.2. Verma modules. For A G P, let V A be the Verma module over U v (g) generated by the highest 
weight vector 1 A with defining relations 

Eil x = (1 < * < 0> K^l x = v ifl ' x h x QueP). 

defining relations 



Similarly let V A be the Verma module over U v -i(q) generated by the highest weight vector 1 A with 



Eil x = (l<i<l), K^l x = v~^' x h x (ji€P). 
We have obvious gradings V x = © /3g g+(V A ) / 3, V X = © / 3 g Q+(V A ) j a, where 

(3.3) (V A ) /3 = {w € V x | = v^' X ~^w (p £ P)}, 

(3.4) (V X )f3 = {weV X \ K^w = v-^-Vw (fi € P)}. 
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There exists a unique non-degenerate K-bilinear pairing ( , ) : V A x V — > K, such that (1 A , 1 A ) = 1 
and 

(3.5) (xw,w') = (w,a(x)w f ) 

for all x 6 U v (g) and u> G V A , u>' G V A . The weight components (|3.3|) . (|3.4|) are mutually orthogonal 
with respect to ( , ). We extend the scalar product on tensor products of Verma modules as 

(u 1 ®U2,v 1 <3v 2 ) = (u 1 ,v 1 )(u 2 ,v 2 ) (Ui G V Xi , Vi<EV Xi ). 

3.3. Whittaker vectors. Whittaker vectors are defined by giving the following data: an orienta- 
tion of the Dynkin graph, a set of elements V{ G P, and non-zero scalars Cj G K. An orientation 
is represented by a skew-symmetric matrix e = (ei,j), where eij = 1 if there is an arrow pointing 
from node i to node j, and ejj = if i and j are disconnected. Given e, choose z/j G P such that 

(3.6) (wj, atj) - (i/j,ai) = e it j(ati, ay). 

For instance one can take Ui = Y?k=l u k^i,k{ a ii a X )• 

A Whittaker vector associated with the data e, v = (fj) and c = (q) is an element 

fl A = fl A (6,^c)= £ A , ^G(V A )^, 

which belongs to a completion V A = YlpeQ+^y^)/ 3 °^ the Verma module. It is defined by the 
conditions 6$ = 1 A and 



(3.7) EiK Vi 6> 



1-vf 



It is known that the Whittaker vector exists and is unique |Sev| . Fixing e and changing u, c 
results in a simple scalar multiple of the weight components of 9 x (e, u, c). Explicitly we have the 
transformation law 

(3.8) # A (e, v + 7 , d) = TLiVrfW-**,-*)^ ^ c)> 

(3.9) e x (e,u,c") = v-^e x (e,u,c), 

where ji G P is such that (7^,0^) = (7^,^) holds, and c[ = v~^' ai ^ 2 Ci, c" = v~( K,a ^Ci. 
Similarly one defines the dual Whittaker vector 

_, ^A ^A — r \ 

flA /3A/, „\ r- 11 M II ( 



(e,i/,c)eV , V = (V^, 

/36Q+ 



imposing #q = 1 and 



C7 1 



(3.10) EiK Vi 6 X - 

in place of (|3.7p . 

The main object of our interest is the scalar product 

(3.H) 4 = v-^)Wm ie x p (e,u,c),9^e,u,c)). 

We set = unless G Q+. 
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From (|3.8p and (|3.9p . we see that (|3.1ip is independent of the choice of u, c. As it will turn out, 
it is actually independent of the orientation e as well (see Theorem 13.11 below). Anticipating this 
fact, we suppress the dependence on e, u, c from the notation. 

3.4. Fermionic recursion. Now we state the main result of this section. Set q = v 2 , qi = q di , and 

I 

0?)/3 = Y[(Qu Qi)m t for P = Y? i= i mai ■ 

i=l 

The following is a counterpart of the fermionic recursion given in Proposition 12. 41 
Theorem 3.1. The quantities are uniquely characterized by Jq = 1 and the recursion relation 

(3.12) 4=J2 ^—q^^^^. 

In particular, Jo is independent of the choice of orientation which enters the definition. 

The Jq are determined as rational functions in the variables q and Zi = q~( x < ai ) . 
In accordance with the previous section, let us introduce the following sum for a (possibly infinite) 
interval [r, s] . 

(3.13) 4[r,s)= Yl 
where 



IIt=r(?)<y(*) 



B{i) = ~ ^ min(t,0(7 W ,7 (O )-(A + / 3 ,E^ {t) ; 
r<t,t'<s t=r 



We have 



(3.14) jA[ 0;0] = __ 

(3.15) J$[r + 1,8 + 1] =q^ 2 ^ X+ ^4[r,s], 

(3.16) -#M = £ ^ _7 [r, u] J> + 1, s] (r<u<s). 

Theorem 3.2. In the notation above, we have 

J} = J|[0,oo). 

Proof. This is a restatement of Theorem 13.11 □ 

Suppose C is a simply laced Cartan matrix, and let f3 = Y^i=\ m i a ii z i = q~^ x,a ^. Since 
(Cm,m) = {(3,(3) and (diagC, m) = (2p, /3), we have 

J/3 [0,oo ) = I c ,m{q,z) 

where the right hand side is defined in (j2.8f) . We shall discuss the interpretation of Jp [r, s] for finite 
interval [r,s] in the next section (see Theorem I4.13p . When C is non-simp ly laced, f)3. 13|) gives 
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a generalization of the fermionic sum considered in the previous section due to the denominator 
(qi;qi)n- 

Corollary 3.3. (i) The rational function Jg is regular at z\ = ■ ■ ■ = z\ = and 

(ii) We have the symmetry property 
(3.18) 

(hi) The set {Jp}^^Q + is linearly independent over C(q). 

Proof. Assertion (i) is a direct consequence of (|3. 13[) since = J^[0, oo). In the definition of Jo, 
8 X and 9 X enter in a symmetric way. Therefore assertion (ii) follows from the definition (|3.1ip 
(Note that the change of variable q — > g _1 in the left hand side of (ii) implies zi 



? G9,0)/2-(A,/9)jA 



To see (hi), it suffices to show that J, A 



i > 

i g constitute a linearly independent set. Property (ii) 

implies that each of them has distinct leading power z™ 1 ■ ■ ■ z" 1 ' in z±, ■ ■ ■ ,Z[. Hence the indepen- 
dence is evident. □ 



3.5. Derivation of the fermionic recursion. In this subsection we give a derivation of Theorem 

EU 

First we recall the Cartan-Weyl basis and the product formula for the universal R matrix due 
to Khoroshkin and Tolstoy [KTJ. By definition, a total order < on A + is said to be normal if 
a, (3, a + P € A + and a < (3 imply a < a + (3 < (3. Normal orders are in one-to-one correspondence 
with reduced decompositions of the longest element of the Weyl group. Moreover an arbitrary total 
order on the set of simple roots can be extended to a normal order on A + |Tol[ IZh| . To a normal 
order <, one associates root vectors 

(3.19) E<, F< 09€A+) 
by induction on h((3), where /i(X^i=i n i Q ? 

) = £J =1 m. When h{(3) = 1, define E< = E h F< = F<. 
Let 7 be an element with h{^f) = n, and suppose that (|3.19p are already defined for h{0) < n. 
Choose a decomposition 7 = a + (3 in such a way that there are no other roots a' , f3' G A + 
satisfying 7 = a' + (3', a < a' < (3' < (3. Then define 

(3.20) E<=E<E<-v (a ^E<E<, 

(3.21) F< = c,(F<F< - v-^F<F<). 

The scalar c 7 € IK can be so chosen that [E<,F<] = (K^ - K' 1 )/^ - u^ 1 ). Here and after we 

set v y = u(t.7)/2. 

The product formula is written in terms of the ^-exponential function 

" ((l-q)x) n 



exp 9 (x) = ^ 

n=0 W ' q)n 



which satisfies exp (x) exp „-i(— x) = 1. 
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Proposition 3.4. |KTj Fix a normal order <, and consider the element 



(3.22) 6 = J] exp„2 (-(vp - v/)F< <g> E< 

/3eA+ 

where the product is so ordered that [3 appears to the right of (3' if (3 < (3' . Then does not depend 
on the choice of the normal order < . 

The universal R matrix is given by 31 = 02i'w~ T , where 02i = t(O), r(a ® b) = b <8> a, and 
T G I) <S> f) stands for the canonical element. 
The following construction is well known. 

Proposition 3.5. |Dri] Set u = m(S ® id)©, where m(a ® b) = ab stands for the multiplication. 
Then u is a well defined operator on V x . It acts on each (V )r a s a scalar, 

The formal element v^ i=1 a t u i+ 2 Pu is sometimes referred to as the Drinfeld (quantum) Casimir 
element. It acts on V x as a scalar: i>£<=i a * u>i+2p u\y X = t;( A+2 ^ A ) x id V A. 

A normal order < is said to be compatible with an orientation e of the Dynkin graph if eji = 1 
implies a, < ay. 

Proposition 3.6. |Sev] Let f)3. 19j) be the root vectors with respect to a normal order <, and let 
9 x (e,v,c) be the Whittaker vector. If the order < is compatible with the orientation e, then we have 

(3.23) Ep 6 x (e,u,c) = for all non-simple roots (3 G A + . 

Proof. Since the root vectors are defined by multiple ^-commutators (|3,20p . (|3.2ip . it is sufficient 
to show (I3.23P when 7 = cti + ay. This can be verified by a direct calculation using (j3.6[) and 
(pTT|) . ' □ 

Proof of Theorem \3.1\ By Proposition 13.51 we have 

Suppose that 71 < ■ • • < 7/ are the simple roots appearing in the chosen normal order. Expanding 
the formula (|3.22p . we obtain 

I 

e n 



u °0 11 l — TTT^I 

m,— ,n t i=l 

xS(F 71 ) ni ---S{F^) ni K--- E % aX 



Jl) ^7; '""-^71 U P- 

In view of Proposition 13.61 we have retained only those terms consisting of simple roots. Setting 
7 = J2l=i n Hi an d using (13. 5|) . we obtain 

M» = E fl ( Vj?n% ) vMM*-™ x (E» • ■ ■ ^ fl A , jj% ■ ■ ■ 
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Now apply the relations following from (|3.7p . (|3.10p . 

Since the generators E^, E^ are arranged in the same order, the powers of v cancel out. Substi- 
tuting the definition (13, lip of Jg and simplifying the formula, we obtain the desired result. □ 

3.6. Toda recursion. As shown in |Sevl lEtj . the generating function 

j3 i=l 

is an eigenfunction of the quantum difference Toda Hamiltonian: HxodaF = £ F. For example, 
when g = s[; + i, the Hamiltonian and the eigenvalue are given by 

i i ii 

(3.24) H Toda = Y,D i+l DT\l- yi ) J] {q- l Zj ), ^ = E II fa" 1 **) » 

i=0 j=i+l i=0 j=i+l 

where A denotes the shift operator (D i f)(y 1 , ...,y{) = f(yi, qyi, yi), with D = D l+1 = 
1, 2/0 = Vi+i = 0- in this subsection we give an account on this point for completeness. The 
argument is similar to the one for Theorem 13. 11 In place of the Drinfeld Casimir element, we use 
other central elements including the quadratic Casimir element. 
The following construction is standard. 

Proposition 3.7. [FRTJ Let ny : U v (g) — > End(V) be a finite dimensional representation, and 
set Qy = (id <8> 7ry)(0), Q' v = (id <S> 7iy)(@2i) and v pv = id (g> T[y{v p ). Denote further by ipy the 
operator on V x (£> V which acts as id (g) iry{v A_/3 ) on each (V A ) ( g ® V. Then, for any k G Z, the 
operator on V x given by 

(3.25) = try (v 2pv (Q' v o y- 1 o Q v o yy 1 )*) 
acts as a scalar. 

In the following we take k = — 1 and iry to be the vector representation for the series Ai,Bi,Ci,Di. 
In terms of orthonormal vectors e^, the simple roots are given by 



a i 


= ei 


- £2, 


Q'2 


= £2 


-£3,-' 


• ,OLl 




£/ - £/- 


hi 


for A t , 




CM l 


= ei 


- £2, 


Q'2 


= £2 


-£3,-' 


■ ,cti. 


-1 


= e/-i 


- £/: 


,ai = ei 


for 5, , 


a>l 


= ei 


- £2, 


Q'2 


= £2 


-£3,-- 


■ ,ai- 


-1 


= ej-i 


- Q. 


, a; = 2e; 


for Q , 


Oi\ 


= ei 


- £2, 


Q'2 


= £2 


-£3,- 


■ ,oci. 


-1 


= q-i 


- Q: 


> a; = e/_ 


_! + e/ for D, 



Unlike the fermionic recursion, the Toda recursion depends on the choice of the orientation. Here 
we give the formulas for the standard orientation compatible with the order a± < ■ ■ ■ < ai. 

Proposition 3.8. For algebras of type A\, B\, C\ with the above orientation, we have 

i 

(tT V q X+ P-P-tryq X+ p) J* = J>-*try {q X+p - p v a *E i F^ J^. 

i=l 
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For algebra of type D[, the same recursion holds where the right hand side has an additional term 
-v- 2 tr v U+P-^-^Ei^EiFi-^ J* 



/3—ai-i—af 

Proof. The scalar Q v ^ can be evaluated on the highest weight vector 1 A , giving 

(eir 1) ^ > ^)=tr V r(« a(A+p) ) 
On the other hand, inserting (|3.22p into Cy , we obtain a sum of terms comprising scalar products 

((f<h • • • (F<r (£<r • • • (E<r% m 

where 71 < • • • < 7t are the positive roots. From the rules (|3.20j) . (|3.2ip we observe that cr(F<) is 
proportional to E<, and hence kills 6 X if 7 is non-simple. Therefore, for both 9^ and 9^ we need 
to retain only root vectors corresponding to the simple roots. Then we must have mi = rii, so we 
obtain 



(-i)/iA p\\_ rth u 



Ml,'" ,rii>0 i=l 



(v 2 -v 2 ) 2 



V 



-(7,A-/3+ 7 ) 



Xtv V (v 2 ^+P-P)+J E ni . . . E ni F n^ . . . F p 



x(E^ ■■■E™ l 9%E™ 1 ■■■E? 1 9£). 
Here we have set 7 = Ya=i n i a i- 



When 7iy is the vector representation, Ef = Ff = for n > 1. A simple check shows that in the 
standard ordering the trace is non-zero only when ^!=i n « — 1> except for D[ where n/_i = n/ = 1 
also contributes. □ 

Here are the more explicit expressions. 

l+l 1 

Y q (\,ei)-i( q -(P,ei) _^ j\ = Y^ q^-^-tJ^a. for A x , 
i=l i=l 



1=1 

z-1 



= ^ ^(A-/3, ei )+;-i+l/2 + g -(A- / 9,e 1+1 )-/+i+l/2j jA_^ 
i=l 

+ (Q 1/2 + l)^"^ 1 / 2 + q^ 2 )J^ ai for , 

i=l 

Z-1 



A 



for C, , 
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I 

[<l K<i — xj-rq • ■ •■ l'/ - ±jj J x 

i=l 



^qM+l-i^-^u) _ i) + g -(A, ei )-i+i (g (/3, e< ) jX 
£ (qiX-P^+l-i + g -(A- ft£l+1 )^ + «+lj jA_^ 



1=1 

, / (A-/?,e,_ x )+l , „(A-/3,e i ) N \ jA _ (A-/9, e ,_i)+l jA 

for . 



4. Functions X^' a , Xq' m , I^ 1,A2 and recurrence relations 



In this section we give an interpretation of the fermionic sum (j'2,2ip in the context of Whittaker 
vectors, and derive various relations among them and Jg. 

4.1. Functions Xq , Xq,'^. Let A, /i € P. We are going to define rational functions in the variables 
Zi = q~( x < ai \ The definition is given under the assumption A + fi + 2p E — P + . This restriction is 
dropped afterwards. 

If A + \x + 2p G — P+, we have the decomposition into isotypic components (see Corollary IB.2|) 

(4.1) V ® V A = e Q eQ + W^ +A - Q , 

(4.2) V^V A = QeQ+ l\>+ A - Q , 

with each summand W^ +A_Q (resp. W /i+A_a ) being isomorphic to a direct sum of Verma modules 

yti+X-a ( regp> ■y/x+A-a^ 

Choosing v = (i/j) as in (|3.6p . let us consider the decomposition of the vector 

(4.3) l»®9 x {e,v,c) = rf* X ~ a (e,v,c) eF®V A 

aeQ+ 

corresponding to (14. ip . Consider similarly 

P ® A (e, i/, c) = J] jf+^-a ( e)I/)C ) £F®f A . 

We define 

(4.4) X£' A = v -^,a)/2+(a,X) ^+X-a^ ^ ^ ^+A-a( £) ^ ^ _ 

Here (-)o stands for the highest component. 
In a similar manner, let us introduce 

6 x (e, is, c) <g> 1" = ( X+ ^ a (^ c) eV A ®F, 
ae<2+ 

^ A (e,^,c)0p= e A+ ^ Q (e,^,c) G^®"^. 

We define 

(4.5) X^ = v M/2-(a,X+2p) ^X+p-afa ^ c))q) (f C )) Q ) . 
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Later it will be shown that (|4.4p . (|4.5p are independent of the data e, v, c (see Proposition 14.31 and 
Proposition I4.10P . 

Proposition 4.1. For any n € P we have 

(4.6) Jj = Yl ^ Xj 0-a' a 

a6Q+ 

(47) _ x^t J 'j^+v- a q -(°',a)/2+(a,\+ f i+p)-(fi,f3)^ 



aeQ 



+ 



Proof. The vector 1 M ® # A (e,i^, c) is a joint eigenvector of E{K Vi with eigenvalue c[ = v^' Ui+ai ^Ci. 
Therefore each isotypic component rf +A - a (e,z/,c) is proportional to #^ +A a (e, u, d), where the 
proportionality being determined by the highest component (r/^ +A "~ Q (e, u, c))o- Similarly, 1^ <g> 
fj x (e,f, c) is a joint eigenvector of EiK Vi with eigenvalue c" = v~^' u ^Ci, so that 77^ +A-a (e, z/, c) 
is proportional to 6 fl+x ~ a (e,i',c"). Formula (|4.6p follows from these facts. The case of (|4.7p is 
similar. □ 

4.2. Function X^ 1,X2 . Fix Ai, A2 G P and /3 € Q+. Consider the Whittaker and dual Whittaker 
vectors 



0(1) 






0(2) 


= e x *(-e, 


— V, c ( 


0(D 






0(2) 


= 6 x *(-e, 





c( 2 )) 

where vf~ = i>i ± «j, and , are chosen to satisfy 

(4.8) cW^r 1 ^, f>=ttfep\ 

Note that for all (5 € we have 

Lemma 4.2. T/ie following conditions are satisfied for all i. 

(4.10) Ei (e {l) ® # (2) )^ = 0, 

(4.11) Ei(eW®# 2 >) 

Proof. Noting that 

A(^) = v^' Ui - a ^K^ i+a .EiK v ^ a . ®1 + Ki® v- [a ^K Vi EiK^ 
and using the defining relation (|3.7p for Whittaker vectors, we find 

Ei (e& ® # (2) ) = ^2 (V^-^cf ) + u-^^)^ ® K v ^ (K- v . +a .0^ ® 0(2)) . 
Therefore with the choice of (|4.9p the condition (|4.10p is satisfied. Similarly (|4.1ip holds if 

C (1) /c ( : 2) = - U (^' A l+ A 2-/8-ai)-(ai,ai)_ 



/3 

= 0. 

'/3 
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Because of (|4.8p and (|4.9p . it is also satisfied. □ 
We define 

(4.12) = ®0W)p,(§W ®§&>)p\ 
Proposition 4.3. We have 

(4.13) X X p lM = JplJa 2 <l {a,a)/2 ~ {aM+p) - 

aeQ+ 

In particular, Xg 1 '^ 2 is independent of the data e,u and c®,c®. 

Proof. This follows from the definition along with the transformation laws f|3.8j) . (|3.9p . □ 

The relation (|4.13p is a counterpart of (|2.23j) . In order to describe the identification we introduce 
two vectors A and v defined by 

l 

i=l 

Proposition 4.4. We have 

where C is a Cartan matrix of ADE type and 

i 

(4.14) p = ^2m iai , Ai = A-P, \ 2 = P-\-2p. 

i=l 

Proof. Follows from (|4?[3l) and (f!T2"3l . □ 
Corollary 4.5. Let q be of ADE type. Then we have 

(4.15) X XlM = X X p 2M . 

Proof. The equality (|4TT5]) is obtained from (|2"T2"2"j) substituting ([4TT4]) . □ 
Conjecture 4.6. Relation (|4.15p holds for arbitrary g. 
Proposition 4.7. We have 

(4.16) ^ 1,Aa |^,-i= ^ a ' Al -g^ p) - 

Proo/. The relation (|4TT6|) follows from (|4TT3|) and (IBTTH]) . □ 

The following vanishing property of Xg 1 ' 2 will play a key role in the sequel. For E P, we 
denote by the irreducible quotient of V**. 

Proposition 4.8. Lei /3 E Q + \{0}. Assume that — Ai — A 2 — 2p + /? E P+ ; and £/tai either 
Ai — /? E P+ or A2 — /? E P+. TTien we /icroe 

(4.17) X^ 1,A2 =0 i/ -Ai - A 2 - 2p is not a roettffa /L-*i-A2-2 P +/3 
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Proof. We apply Proposition IB. 31 in Appendix (Bj choosing Ai = A — [i, X 2 = — A — 2p and 
(j, = — Ai — A2 — 2p + (3. Under our assumption v = (9^ ®6^)p can be written as J2i=i Fi v i- Since 
v = (0W <S> 0^)f3 is a singular vector, we have 

I 1 



i=i i=l 



□ 



Lemma 4.9. For any \i € P, the following recurrence relations hold. 



(4.18) xf M = Y X^ Xl X Xl+ ^ aM 



(4.19) = Xa'^Xp-a +>M ~ a - 

Proof. This follows from substituting (|4TB |) . (|4?fl) into (|4TT3|) . □ 

We can now state the relationship between X^' A , Xg' 1 and Xa 1 '^ 2 . 
Proposition 4.10. We have 

X XlM = x^~ Xl ~ X2 ~ 2p ' Xl if A 2 -/3GP+ 

Proof. We first assume A2 — (3 € P+. In the relation (|4.18p . choose fi = f3 — \\ — A2 — 2p and apply 
Proposition 14.81 Then the summand is non-zero only if a — j3 is a weight of L°, i.e., only if a = (3. 
The first equality of Proposition follows from this. Likewise the second follows from (I4.19p , □ 

In summary, we obtain the following relations. 

Theorem 4.11. For any p £ P we have 

(4.20) 4 = £ X X ' a -^J^2 

aeQ+ 

(421) = ^2 X°~ p ~ 2p,x J^~~ a q' ( - a,a ^ 2+( - a,P/+p ^^ x ^\ 

(4.22) X XlM = Yl X^ ,M X Xl ' a -^- 2p 

aeQ+ 

(4.23) = Y X Xl ^ a ~ a X«- p - 2pM . 

Proof. By Proposition 14. 10"j Theorem is a restatement of the relations (|4.6p . (|4.7p . (|4.18p . f|4. 19j) 
applied with shifted p. □ 

Identity (|4.20p corresponds to (|2.25p . while identity (|4.22p corresponds to (|2.27p . We have thus 
shown that these quasi-classical decompositions are exact in the case where C is a Cartan matrix 
of ADE type. 

As an application we prove the following 
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Theorem 4.12. For any (3 € Q+ ; we have 

(4.24) J^- x - 2 Pj^q' (a ' a)/2+iX+p ' a) = 5/3,0- 

ae<3+ 

If q is of ADE type, we also have 

(425) £ ^r A - 2 % A r: = ^-. 

Proof. We first note that we expect (14.250 to hold for general 0. The only reason we restrict 
ourselves to the ADE case is that the proof of (|4.25|) uses Corollary 14.151 
Substituting (pLT3j) to (|4T20|) . we obtain 

7-A-M _ tA-m jf3~2p-X j\~a ( 7 , 7 )/2-( 7l/ 3-p- A) 

a, 7 

This is a linear relation among {j£~ fl }$£Q + viewed as functions of [i. Since this is a linearly 

independent set, we can compare the coefficients of Jg - ^ In the right hand side only the term 
with 7 = a contributes, so that 

a 

Renaming a to (3 — a, then changing A to (3 — 2p — A, we arrive at (14.24|) . 

Similarly, after using the symmetry ()4.15[) and substituting (|4.13j) to (|4.20p . we find 

a, 7 

Specializing q~ x to 0, the left hand side simplifies due to (|3.17p . while only the term with 7 = 
remains in the right hand side. This proves f)4.25f) . □ 

Finally we give the counterpart of the identity (|2. 15|) in Section [2j 

Theorem 4.13. For a non-negative integer k we have 

(4.26) ja-X-2pjX-a q k((a,a)/2-(X + p,a)) = jAfQ^ 

where the right hand side is defined in (13.130 . 

Proof. Let us denote the left hand side of (I4.26|) by Jg[0, k], and set 

TAr 1 r(^—(X+p,P)) TArn 1 

Jp[r,s] =q V 2 >) J p [0,s - r\. 

The previous formula (I4T251) states that Jg [0,0] = Jg [0,0]. Using (l3TT6|) for J^ = j£[0,oo), it is 
easy to verify that 

The same relation holds for Jg [0, k] by (|3,16p . Hence by induction we obtain [0, k] = Jp[0, k}. □ 
We remark that (|4.26p in the limit k — > 00 reproduces the fermionic formula for Jg. 
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Appendix A. Direct proof of Toda recursion for s^ + i 

We give here a direct proof that the fermionic sum Ic, m (q,z) for the Cartan matrix C of 
type Ai satisfies the Toda recursion. Since we fix C, we drop it and denote Ic,m(q, z),Wc, m 
by I m (q,z),W m . 

Proposition A.l. The rational functions I m (q, z) (m S Z> ) are characterized by the Toda recur- 
sion 

(A.i) {Elo(^ +1 - mi - i)n-=m (<rS)}u?,*) 

I 

=E{? mi+1 ~ m< n5 =i+ i ( r i^)}/ mii ... imi _ l5 ... imi (^). 

8=1 

Moreover, they satisfy the symmetry relation 

(A.2) I mu ...,rm (q'\zf\ zf 1 ) = 21, ... , ^)M m 9 Wm - 

Proof. Let I m (q,z), m G Z> be a set of rational functions in = (zi,...,zi) such that 

Io(q,z) = 1. It is straightforward to show by induction on m that for I m (q,z) the Toda re- 
cursion (jA.ip implies the symmetry relation (|A.2p . Now, we want to show that the former also 
implies the fermionic recursion (|2,12p . Since the solution is unique for both (jA.ip and (|2.12p . the 
statement of Proposition follows. 

Let C(q, z) be the field of rational functions in q, z = (z\, . . . , z{). Consider the vector space over 
C(q, z) consisting of formal power series in y = (y\, ■ ■ ■ ,yi) with coefficients in C(g, z). We denote 
it by 3". 

We consider the C(q, z)-linear actions yi, Di (i = 1, . . . , I) on 3~: 

Vi ■ f(yx, ■■■,yi) = Vifivx, ■ ■ -,yi), 

Di ■ f{yi, • • • ,yi) = f(yi,...,qyi,...,yi), 

and set^ formally D = Di +1 = 1, y = yi+i = 0. 

Let I m (q,z) £ C(q,z). We assume that Io(q,z) = 1. Set 



and 



They belong to 9 r . Set 



F(q,z,y)=J2y m Im(q,z) 

m 

G(q,z,y)=Y,y m Im(q,z)z m q 



I I 

i=0 j=i+l 

The Toda recursion reads as HF = 0, and the symmetry relation reads as 
(A.3) F (q~ 1 ,zj' 1 , . . .,Zx 1 ,q~' l yh ■ ■ ■ ^"V) = G(q,z,y). 
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Set 

{AA) A= nfeV=E^r- 

i=l m Wjm 

The fermionic recursion reads as 

(A.5) F(q,z,y) = AG(q,z,y). 

Our goal is to show that if HF = 0, and therefore (|A.3[) is valid, then (1A.5I) follows. 

Suppose that i/i 7 = 0. By changing q — > q^ 1 , Zi — > z~ ,yi — > q~ 1 yi, D{ — > ZK* , we obtain 

z J 

^ (jj^A(i - <rV) - 1) II (^J 1 ) F fa" 1 ' C 1 . • • • » C 1 ! • • • > = o. 

Using 

A- 1 AA=(1-«)A, 

we can rewrite this as 

(A.6) (A^FA) F (g" 1 , z-\..., z^q^yi, <rV) = 0. 

Because of the uniqueness of the solution HF(q, z,y) = with z, 0) = 1, we obtain 

F(q,z,y) = AF(q' 1 ,zf 1 ,...,z^ 1 ,q~ 1 yi,...,q~ 1 yi) . 
From (|A.3|) and this equality follows the fermionic recursion (|A.5|) . □ 

Appendix B. Proposition on singular vectors 

The main goal of this Appendix is to prove a statement about singular vectors which is used in 
the main text. In what follows, for a U v (g) module M, [M] u will denote its subspace of weight v. 
We start with the following Lemma. 

Lemma B.l. Let M be a U v (q) module from the category 0. Let p E [M]_^_2p, /■* S P+ b e a 
singular vector such that 

l 

i=l 

Then the Verma module U v (g) ■ p generated by p is a direct summand in M. 

Proof. We first note that since the Verma module V~ At ~ 2p is irreducible, the submodule V = U v (g)-p 
generated by p is isomorphic to it. We now show that there exists a submodule W C M such that 

m = v © w. 

Denoting by C v the quantum Drinfeld Casimir element u^ i=1 a » vt+2p u ( see jp r jj anc j Proposition 
13.5 j) we have the decomposition M = ® z£ i¥ 2 into the generalized eigenspaces 

M z = {m £ M | (C„ - z) fc m = for some k }. 

Setting z = v^ +2p) we have V C M ZQ and M = M 2 ° ^ z _^ Zq M z . So it suffices to find a 
submodule M ^ M 2 " such that M 2 ° = F M . 
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Since M G 0, there exists a sequence of submodules 



L ^ Lt ^ L 2 >-> . . . , Lj^ M z ° /V, lim Lj = M z ° /V 



such that each quotient Lj/Lj-\ is a highest weight module with highest weight Tj. For all j > 0, 
let u>j G Lj be a vector of weight Tj such that the image of Wj in Lj/Lj-i is highest weight vector. 
Note that Tj -ft —p — 2p. In fact, for all j we have zq = v <yTi ' Tj+2p \ If we set a = —p — 2p — Tj, we 
obtain 



(a, a) + 2(p, a) + 2(/z, a) = 0, 



which implies that Tj £ — // — 2p — (Q + \{0}). Hence, if Tj ^ —p, — 2p, there exists the unique vector 
Wj G M 2 ° which is a lifting of Wj. For j, such that Tj = —p — 2p, we fix arbitrary liftings Wj G M z °. 
Setting 

M =J2 U v(s)-Wj, 

we obtain V + Mq = M z °. Since V = U v (q) ■ p is irreducible and p ^ Si=i Imi 7 ^, the intersection 
V fl Mo is trivial. This proves the Lemma. □ 

Corollary B.2. Let M be a U v (q) module from the category such that M = ©^eP+ [M]_ M _2p- 
Then M is isomorphic to a direct sum of Verma modules. 

Proof. Let Mq C M be the maximal submodule such that M = Mq + W is a decomposition into 
the direct sum of U v (g) modules and Mq is a direct sum of Verma modules. Let w G W be a 
singular vector such that [W]^ = for A bigger than the weight of w. Then Lemma lB.ll implies 
W = (U v (g) ■ w) © W and thus Mq is not maximal. □ 

Proposition B.3. Let L^ be an irreducible U v (q) module with highest weight p G P + , and let 

A G P, (3 G Q+ 6e smc/i i/iai either A + 2p G — P+ or p + (3 — X G — P+. Assume further that 
[L /i ] /J _/3 = 0. T/ien we /iawe 



where ( ) sm # means the space of singular vectors. 

Proof. Set M = V A_ ^ ® V^~ 2p ~ A , and suppose that the statement of the Proposition is not true. 
Then there exists a vector p G Mf l "£ 2 p such that p £ Yl\=i im -Fi- Set V = U v (g) ■ p. Because of 
Lemma (jB.ip . there exists a submodule W C M such that 



We show that the decomposition (|B,2j) is impossible by a homological argument. 

In the following we set U = U v (q). Let N (resp. B, H) be the subalgebra of U generated by 
{Ei}i<i<i (resp. {Ei, ^ J ±1 }i<i</, {-SQ 1 }i<i<l)- All these subalgebras are vector spaces over the 
field IK = Civ 1 ^). We shall make use of the following facts. 





Tensoring both sides of (IB.lj) by we obtain 

(B.2) ® V /3 " 2 ^ A ®L ti = (y-»- 2 P ® L M ) © (W ® L M ). 
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(i) Let X be a B module and Ind^X = U <g>£ X be the induced U module. Then we have an 
isomorphism 

(B.3) Tor^ H (lK,Ind^X) ~ Tor^ H (lK, X). 

The proof is essentially given in [K], Lemma 3.1.14, which treats the classical case of (IB.3j) . In 
order to prove (1B.3I) we only need to replace the classical (B,H) projective resolution of X from 
[K] , Corollary 3.1.8 by an arbitrary B-fiee resolution. 

(ii) Denoting by n the number of positive roots of g we have 

(B.4) dim[Tor*(K, V x )] u = 5^ x+2p , 

(B.5) dim[Tor*(K, W)] v = 5^ +2p . 

The proof of these equalities is based on the quantum BGG resolution [HK] (see also [Mj, [R]). 
which generalizes the classical BGG resolution [BGG]. Let W be the Weyl group of g. For w € W 
and A € P we denote by l(w) the length of w and by w * A = w(X + p) — p the shifted action of w. 
In order to prove (|B.4p we use the quantum BGG resolution of the trivial U v -i (g) module 

(B.6) -> F n -> F n _i -» ► F -> K -> 0, 

where F p = © toe vf-i(t«)=p ^ * s a direct sum of Verma modules V over U v -i(g). Using the 
anti-isomorphism a : U v (q) — > ?7„-i(g) (|3.ip we endow each F p with the structure of right U v (q) 
module. Thus (lB~6l) is a right 5-free resolution of the trivial module K and Tor^ (K, V A ) is equal 
to n-th homology of the complex 

(B.7) 0^F n %V A ^F n _i%V A ^ >F Q ® N V X ^Q. 

We note that F n is the free B module with one generator of //-weight — u>o * 0, where wq is the 
longest element in W . Since V A is irreducible we obtain that the space of n-th homology of (|B,7j) 

— wo *0 

is one-dimensional and is generated by the tensor product of highest weight vectors of V and 
of V A . Now the equality wqp = —p implies ()B.4p . The proof of (|B.5p is very similar and uses the 
(left) quantum BGG resolution of the module U*. 

For any A we have V x = Ind^K^, where ~K\ denotes the one-dimensional B module with trivial 
action of N and an action of ifj by y( X ' ai \ This gives (see [K], Proposition 3.1.10) 

V x ^ ® V?- 2p - x ® If = In6g(K x ^®V /3 - 2p - x ®Li 1 ) 

= Indg (K /3 _ 2p _ A ® V A ~" ® L") . 

We conclude that 

(B.8) Tbr£' H (K,V A ~' 4 ^V p ~ 2p ~ x ® I/ 4 ) = [Tor^K, V /3 " 2p - A ® L^) 

(B.9) = [Tor^(K,V A -^®L^) 

L J X+2p-(3 

Suppose p + j3 — A G — -P+. Then we have the decomposition (see Corollary IB.2[) 

v /3-2p-A ^ j^fA, _ ^ v f3-\-2p+u 

From (|B.4p and the vanishing assumption, the right hand side of (|B.8p is equal to [L^] p = 0. 
Now suppose A + 2p £ — P + . Then we have the decomposition (see Corollary IB.2[) 

V A ^ ® = ® U V X ~» +V ® 
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Again, from (|B.4p and the vanishing assumption, the right hand side of (jB.9[) is equal to [L^] ^ = 0. 
Similarly, (|B.5p implies 

Tor^ H (]K, V-^- 2p L") ~ [Tbr^K, L")] 2p+fi = K. 

This shows that the decomposition (jB.lf) is impossible, and thus proves our Proposition. □ 
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